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Abstract 

A complementary approach, based on higher dimensional anti-de Sitter (AdS) space, light-front 
quantization, and the invariance properties of the one-dimensional representation of the full con- 
formal group, provides a nonperturbative model which successfully incorporates salient features of 
hadronic physics, including confinement, linear Regge trajectories, and results which are conven- 
tionally attributed to spontaneous chiral symmetry breaking. 
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A remarkable holographic correspondence between the equations of motion in anti-de 
Sitter (AdS) space and the Hamiltonian equations of motion for relativistic light hadron 
bound-states in physical space-time was derived in Ref. [1]. To a first semiclassical ap- 
proximation, light-front QCD is formally equivalent to the equations of motion on a fixed 
gravitational background asymptotic to AdSs. The confinement properties are encoded in 
a dilaton (f{z) which introduces a length scale in the AdS action and leads to conformal 
symmetry breaking. In this paper we shall show that similar results follow from an elegant 
construction of Hamiltonian operators by V. de Alfaro, S. Fubini and G. Furlan (dAFF) [2], 
based on the invariance properties of a field theory in one dimension under the full conformal 
group. In contrast with the holographic approach, the construction of dAFF retains confor- 
mal invariance of the action despite the presence of a fundamental length scale. In addition, 
we will use complementary arguments from AdS space, light-front (LF) quantization, and 
the dAFF construction to show that the form of the dilaton profile in AdS space (p{z) oc 
is constrained to have the specific power s = 2. This profile leads not only to linear Regge 
trajectories [3], but it also leads uniquely to a massless pion in the chiral limit [4]. 

The central problem for solving QCD using the LF Hamiltonian method can be reduced 
to the derivation of the effective interaction in the LF wave equation which acts on the 
valence sector of the theory and has, by definition, the same eigenvalue spectrum as the 
initial Hamiltonian problem. In order to carry out this program one must systematically 
express the higher Fock components as functionals of the lower ones. The method has the 
advantage that the Fock space is not truncated, and the symmetries of the Lagrangian are 
preserved [5]. 

In the limit of zero quark masses the longitudinal modes decouple from the invariant LF 
Hamiltonian equation Hlf\<P) = M^|0) with Hlf = PfiP'^ = P~P^ — P]_- The generators 
P = {P~,P~^,P±), P^ = P° ± P^, are constructed canonically from the QCD Lagrangian 
by quantizing the system on the light-front at fixed LF time x"*", = x° ± [6]. The LF 
Hamiltonian P~ generates the LF time evolution 



whereas the LF longitudinal P~^ and transverse momentum P± are kinematical generators. 
We obtain the wave equation [1] 
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a relativistic single-variable LF Schrodinger equation. This equation describes the spectrum 
of mesons as a function of n, the number of nodes in (, the total angular momentum J, 
which represent the maximum value of \ J^\, J = max \J^\, and the internal orbital angular 
momentum of the constituents L = max \ L^\. The variable z of AdS space is identified with 
the LF boost-invariant transverse-impact variable ( [7], thus giving the holographic variable 
a precise definition in LF QCD [1, 7]. For a two-parton bound state = x{l — x)b]_, where x 
is the longitudinal momentum fraction and b± is the transverse-impact distance between the 
quark and antiquark. In the exact QCD theory U is related to the two-particle irreducible 
qq Green's function. 

Recently we have derived wave equations for hadrons with arbitrary spin starting from 
an effective action in AdS space [8]. An essential element is the mapping of the higher- 
dimensional equations to the LF Hamiltonian equation found in Ref. [1]. This procedure 
allows a clear distinction between the kinematical and dynamical aspects of the LF holo- 
graphic approach to hadron physics. Accordingly, the non-trivial geometry of pure AdS 
space encodes the kinematics, and the additional deformations of AdS encode the dynamics, 
including confinement [8]. 

For d = 4 one finds the LF potential [9] 

u{C, J) = ^v"iO + -^^'iCf + A^^\C\ (3) 

provided that the product of the AdS mass m and the AdS curvature radius R are related 
to the total and orbital angular momentum, J and L respectively, according to {niR)'^ = 
— (2 — jy + L^. The critical value J = L = corresponds to the lowest possible stable 
solution, the ground state of the LF Hamiltonian in agreement with the AdS stability bound 
{mRf > -4 [10]. 

The choice (p{z) = Xz'^ leads through (3) to the LF potential f/(C, J) = A^C^ + 2A( J - 1), 
and Eq. (2) yields the mass spectrum for the mesons 

MIj^^ = 2\{2n + J + L). (4) 

This result not only implies linear Regge trajectories, but also a massless pion as well as the 
relation between the p and Oi mass usually obtained from the Weinberg sum rules [11] 

ml = Ml,^, = 0, mj = Ml,^, = 2A, = M^^, = 4A. (5) 
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If one starts with a dilaton profile of the general form 

<^,(^) = A^/2^^ (6) 

for A > and arbitrary values of s, the existence of a massless pion in the limit of massless 
quarks determines uniquely the value s = 2. To show this, we use the stationarity of bound- 
state energies with respect to variation of parameters [12]. For J = the LF potential (3) 
for the dilaton profile (6) is 

UsiC) = ls{s - 4)A^/2C-' + ^^'A^ e-"'- (7) 

We make a variational ansatz with the test function a) = ^/2\aC' e~^°'''^^'^ where 
{(j){(,a)\(j){(,a)) = 1. The minimum of the expectation value of the LF Hamiltonian 
(M,2(a)) = (0(C,«)|i^LF|0(C,«)) 

(M.^(«)) = /rfC0(C,«)(-^-4^ + f/.(C))0(C,«) (8) 

= \a(l + {s- 4) r(l + s/2) a^'l^ + | ^(1 + s) a"^) , 

with respect to the parameter a, ^(M^(a)) = 0, gives an upper bound for the lowest 
eigenvalue n = J = L = Ofora given value of s. 
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FIG. 1: Stationary value of {M^{a))/X as a function of the power s in the dilaton profile (6). The 
circles are the results of numerical solution for s > 2. The numerical errors are smaller than the 
size of the circles in the figure. 

In Fig. 1 we display the stationary value M^/X = minQ(M^(a))/A as a function of s. 
Since for s < 2 the upper bound is negative, the exact value of the ground state mass Mqqq 
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has also to be negative, thus not a possible physical state. For s = 2 the stationary value 
Mg is the exact eigenvalue and has the value zero. For s > 2 the variation gives us only an 
upper bound to the true eigenvalue, however, for increasing s the potential and its steepness 
increases monotonously for any value of ( as shown in Fig. 2. Thus the kinetic energy and 
the ground state mass, Mqqq increases with s and therefore for s > 2 has to be larger than 
zero. This can also clearly be seen from the figure where numerical results for s > 2 are also 
shown. For s > 4 the potential Us{() is larger than zero for all values of ( and therefore 
Mqqq Is poslt ive-defiuite . Hence the chiral symmetric solution Mqqq = is only possible for 
s = 2. For a negative dilaton profile, ip{z) = —Xz'^ the potential is positive semidefinite and 
no massless pion can be obtained. 



FIG. 2: Light-front potential in units A = 1 for different powers of s in the dilaton profile (6). 

In the following we shall show that the quadratic dilaton profile also follows from the 
algebraic construction of Hamiltonian operators by dAFF [2]. In fact, the Hamiltonian 
obtained from unperturbed AdS is identical to the LF Hamiltonian in a free theory of 
massless quarks in LF quantization [1]. Remarkably such a Hamiltonian can also be derived 
from a one-dimensional quantum field theory from the action [2] 
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(9) 



where g is a. dimensionless number and Q = dtQ. The generator of evolution in the variable 
t, the Hamiltonian, is obtained from (9) by the Noether theorem 




(10) 
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Using the equal-time quantization condition [Q{t),Q(t)] = i at t = 0, one can express 
the Hamiltonian Ht in a state-space of functions of one variable, iIj{x) G L2{Ri) from the 
operator representation in the Schrodingier picture Q x, Q ^ 



+ (11) 



This expression is identical to the free LF Hamiltonian, provided that the variable x is 
identified with the LF invariant variable (, x = C/v^j and the Casimir operator of the 
representation g is related to the LF orbital angular momentum L: g = — 1/4. 

The action (9) is invariant under conformal transformations in the variable t, and there are 
in addition to the Hamiltonian Ht two more invariants of motion for this field theory, namely 
the dilation operator D and K, corresponding to the special conformal transformations in 
t. In addition to Ht (10), the operators D and K can be expressed in the field operators 
Q{t) applying the Noether theorem to the Lagrangian in (9): 

D = tHt-\(QQ + QQ), (12) 

K = eHt-\t (qq + qq^ + \q\ 

Specifically, if one introduces the the new variable r defined through dr = dt/{u + vt + 
wt^) and the rescaled fields g(r) = Q{t) / {u + v t + w t^Y^"^ , it then follows that the operator 
G = uHt + vD + wK generates evolution in r [2] 

G|^(r))=^|-|^(r)). (13) 

The Hamiltonian corresponding to the operator G is [2] 

H. = l(4'+' ' 

where q = drQ 



Hr^lU' + f. + ^-^^l'], (14) 



Noticing that the equal-time quantization condition for Q and Q imply the commutation 
relation [q'(T),g(r)] = i, we can again represent H^- in the Schrodinger picture 



For g > —1/4 and Auw — v"^ > the resulting operator has a discrete spectrum. Such a 
Hamiltonian defines in a picture of composite hadrons a bound-state equation. The Hamil- 
tonian i^T- is uniquely determined by the requirement of localization [2], and thus H^^ can 
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be used to study the evolution of the bound-state system in terms of the variable r. For 
X = C/V2 and 4 uw — v"^ = 8A^ its realization in the space of functions with one variable 
has exactly the form of the invariant LF Hamiltonian (2) obtained from the AdS metric 
modified by a dilaton term with a quadratic profile. 

The construction of new Hamiltonians from the generators of the conformal group has 
been used by dAFF to construct algebraically the spectra and the eigenf unctions of these 
operators. The conformal group in one dimension is locally isomorphic to the group of 
pseudo-rotations 0(2, 1). The compact operator R = ^{K + Hf) generates rotations in the 
Euclidean 1-2 plane, whereas the non-compact operators Li = ^{K — Ht) and L2 = D 
generate pseudo-rotations (boosts) in the non-Euclidean 2-3 and 1-3 plane respectively. As 
in the familiar case of angular momentum, one can introduce raising and lowering operators 
L± = Li±L2 and construct the spectrum and the eigenf unctions analogously to the angular 
momentum operators. Interestingly, this is just the method employed in Ref. [13] to obtain 
an integrable LF confining Hamiltonian by following Infeld's observation that integrability 
follows immediately if the equation of motion can be factorized as a product of linear op- 
erators [14]. The method can be extended to describe baryons in AdS while preserving the 
algebraic structure [13, 15]. 

To summarize, we have shown in this letter that the triple complementary connection of 
AdS space, its LF holographic dual, and the relation to the algebra of the conformal group 
in one dimension is characterized by a quadratic confinement potential, and thus a dilaton 
profile with the power z^, with the unique power s = 2 and prominent phenomenological 
features. For s = 2 the mass of the J = L = n = pion is automatically zero in the 
chiral limit, and the separate dependence on J and L leads to a mass ratio of the p and the 
ai mesons which coincides with the result of the Weinberg sum rules. One predicts linear 
Regge trajectories with the same slope in the relative orbital angular momentum L and the 
principal quantum number n. In the phenomenological application constant terms in the 
potential, which are not fixed by the group theoretical arguments, are very important. They 
are fixed by the holographic duality to LF quantized QCD [8]. 

It should be noticed that the overall features of confinement, namely the term proportional 
to in the effective potential can be derived within a purely group theoretical framework 
of [2]. It is determined by the term in the generator K ai t = 0, which in turn leads 
to the quadratic x dependence in the new Hamiltonian (15). Our approach has elements in 
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common with those of Ref. [16], where the scale of the confinement potential arises from a 
boundary condition when solving Gauss' equation. Notably the confining term in H-r is 
due to the part of the Noether current arising from the total derivative generated by the 
special conformal transformation. In fact, a possible connection between the construction 
of different Hamiltonians (evolution operators) and confinement has been already devised 
by dAFF. Whereas the confining force is usually a consequence of a Lagrangian with di- 
mensionful constants, in the dAFF construction the confining potential is introduced by 
the choice of the operator, with Auv — v"^ > 0. The resulting Lagrangian, constrained 
by the conformal invariance of the action (9), has the same form as the AdS Lagrangian 
with a quadratic dilaton profile. The AdS approach, however, goes beyond the purely group 
theoretical considerations of dAFF, since features such as the masslessness of the pion and 
the separate dependence on J and L are a consequence of the potential (3) derived from the 
duality with AdS for general J and L. 

In their discussion of the evolution operator Hr as a model for confinement, dAFF mention 
a critical point, namely that "the time evolution is quite different from a stationary one". 
By this statement they refer to the fact that the variable r is related to the variable t for 
the case uw > 0, w = by 



i.e., T has only a limited range. However, we can see from (1) and (13) that the LF time x 



range of invariant LF time r can be interpreted as a feature of the internal frame-independent 
LF time difference between the confined constituents in a bound state. For example, in the 
collision of two mesons it would allow us to compute the LF time difference between the two 
possible quark-quark collisions. The LF time = P^t depends kinematically on the total 
momentum . 

The treatment of the chiral limit in the LF holographic approach to strongly coupled QCD 
is substantially different from the standard approach based on chiral perturbation theory. In 
the conventional approach [17], spontaneous symmetry breaking by a non- vanishing chiral 
quark condensate {^ip) plays the crucial role. In QCD sum rules [18] brings in non- 

perturbative elements into the perturbatively calculated spectral sum rules. It should be 
noted, however, that the definition of the condensate, even in lattice QCD necessitates a 
renormalization procedure for the operator product, and that it is not a directly observable 




(16) 



and the variable r are related by r = x^/P^ in the LF frame P± = 0, and thus the finite 
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quantity. 

In Ref. [19] it has been argued that quantum field theory is by no means a monohthic 
block, and that its different facets, aimed at different goals, might well differ in purely the- 
oretical concepts. Condensates are certainly intermediate theoretical concepts inside QCD. 
The only possibility of direct observation would be by their gravitational interaction, and 
there, the discrepancy with observation is notorious [20]. Another example is the sponta- 
neous symmetry breaking of the SU{2) x SU{2) gauge symmetry in the Standard Model. 
Although the standard treatment of renormalized perturbation theory is based on sponta- 
neously broken symmetry [21-24], the Elitzur theorem [25-27] asserts that a lattice gauge 
theory cannot be spontaneously broken. 

In the confining AdS/QCD model discussed in this paper, the vanishing of the pion mass 
in the chiral limit, a phenomena usually ascribed to spontaneous symmetry breaking of 
the chiral symmetry, is obtained specifically from the precise cancellation of the LF kinetic 
energy and LF potential energy. This provides a viable alternative to the conventional 
description of nonperturbative QCD based on vacuum condensates; the physics normally 
ascribed to vacuum phenomena is contained within the light-front wavefunctions of the 
hadrons themselves [28, 29]. This observation eliminates a major confiict of hadron physics 
with the empirical value for the cosmo logical constant. 
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